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Abstract
Jang and Park asked in [On a MacWilliams type identity and a perfectness for a binary linear (n, n − 1, j)-poset code, Discrete
Math. 265 (2003) 85–104] whether, for each poset P = {1, ..., n}, the P-weights and P-distances satisfy the inequalities wP (x) −
wP (y)dP (x, y)wP (x) + wP (y) − wP (xy) for all vectors x, y ∈ Zn2. We prove that these inequalities hold for all vectors
x, y ∈ Fn over any ﬁeld F.
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Let P = {1, . . . , n} be a partially ordered set with order relation  . A subset I ⊆ P is an order ideal of P if, for
all x ∈ P , y ∈ I with xy, it holds that x ∈ I . For each subset A ⊆ P , let 〈A〉 denote the smallest order ideal of P
that contains A. Note that if A ⊆ B ⊆ P , then 〈A〉 ⊆ 〈B〉. Also, for all subsets A,B ⊆ P ,
〈A ∩ B〉 ⊆ 〈A〉 ∩ 〈B〉,
〈A ∪ B〉 = 〈A〉 ∪ 〈B〉,
and
〈A$B〉 ⊇ 〈A〉$〈B〉,
where X$Y = (X∪Y )\(X∩Y ) is the symmetric difference between sets X, Y . Theorem 1 below follows immediately
from the following observations:
|〈A〉| − |〈B〉| |〈A〉\〈B〉|,
〈A〉\〈B〉 ⊆ 〈A〉$〈B〉 ⊆ 〈A$B〉 ⊆ 〈A ∪ B〉 = 〈A〉 ∪ 〈B〉,
|〈A〉 ∪ 〈B〉| = |〈A〉| + |〈B〉| − |〈A〉 ∩ 〈B〉| |〈A〉| + |〈B〉| − |〈A ∩ B〉|.
Theorem 1. For all subsets A,B ⊆ P , the following inequalities hold:
|〈A〉| − |〈B〉| |〈A〉$〈B〉| |〈A$B〉| |〈A ∪ B〉| |〈A〉| + |〈B〉| − |〈A ∩ B〉|.
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The P-weight wP (x) and P-distance dP (x, y) of vectors x, y ∈ Fn over a ﬁeld F are
wP (x) := |〈(x)〉| and dP (x, y) := wP (x − y),
where (x) = {i ∈ P : xi = 0} denotes the support of vector x. The intersection xy and union x ∨ y are deﬁned by
xy := (x1y1, . . . , xnyn) and x ∨ y := (u1, . . . ,un},
respectively, where ui := 0 if xi = yi = 0, and ui := 1 otherwise. Then
wP (xy) = |〈(x) ∩ (y)〉| and wP (x ∨ y) = |〈(x) ∪ (y)〉|.
Also, deﬁne
P (x, y) := |〈(x)〉$〈(y)〉|.
Theorem 2 below follows from Theorem 1 and the inequalities
(x)$(y) ⊆ (x − y) ⊆ (x) ∪ (y),
and answers afﬁrmatively the Question posed by Jang and Park [1, p. 104].
Theorem 2. For all vectors x, y ∈ Fn,
wP (x) − wP (y)P (x, y)dP (x, y)wP (x ∨ y)wP (x) + wP (y) − wP (xy).
The next theorem extends [1, Theorem 4.2] and details the inequalities and equalities that apply when P is a chain.
Theorem 3. Suppose that P is a chain where 1< · · ·<n. Then for all non-zero vectors x, y ∈ Fn with (x) = (y),
|wP (x) − wP (y)| = P (x, y)< dP (x, y)wP (x ∨ y) = max{wP (x), wP (y)}.
Proof. For each subset A ⊆ P , the ideal 〈A〉 is the maximal chain of the form {1, . . . ,max A}. The two equalities
in Theorem 3 follow easily from this observation. Furthermore, since x, y = 0 and (x) = (y), it follows that
1 /∈ 〈(x)〉$〈(y)〉 and 1 ∈ 〈(x)$(y)〉, so 〈(x)〉$〈(y)〉 = 〈(x)$(y)〉. Therefore,
〈(x)〉$〈(y)〉〈(x)$(y)〉 ⊆ 〈(x − y)〉,
so P (x, y)< dP (x, y). Finally, dP (x, y)wP (x ∨ y) by Theorem 2. 
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